A Counterexample for an Infinite Set of Divergent-Beam Sources

Abstract

For a source point p € R™, let

u):/ f(p+tu)dt, uesS"t,
0

be the divergent-beam transform. Problem C.1 in Geometric Tomography asks whether a
bounded measurable function of bounded support must vanish almost everywhere if D, f =0
for every p in an arbitrary infinite set of source points. We give a negative answer in every
dimension n > 2. In fact, for

:(27‘]-70""70)7 jZl’

there is a nonzero f € CZ°(R™) such that D, f = 0 for all j.

1 Background and notation

We use only a small amount of Fourier analysis and distribution theory, but we recall the
terminology because it may be less familiar in convex geometry. The Schwartz space S(R™)
consists of the C* functions g for which z#9"g(x) is bounded for all multi-indices pu,v; its
continuous dual S§’'(R™) is the space of tempered distributions. The Fourier transform is an
automorphism of both spaces. Standard references are Hérmander [3, Chapter 7] and Reed—
Simon [4, Chapter IX].

A smooth function ¢ on frequency space will be called a Schwartz multiplier if ¢ and all its
derivatives have at most polynomial growth. Equivalently for the present purpose, multiplication
by ¢ maps S continuously into itself: the Leibniz rule shows that the rapid decay of a Schwartz
function dominates the polynomial growth of every derivative of g. Thus, if ¢ is such a multiplier
and gb € S, then ¢q € S. The inverse Fourier transform of ¢ itself need not be an ordinary
function; it is, however, a tempered distribution. We shall construct such a multiplier with
prescribed zero hyperplanes and then regularize its inverse Fourier transform by convolution
with a compactly supported C*° function.

For an open cone I' C R™, the set R™ 4 iI' C C™ is called a tube domain. A basic Fourier—
Laplace principle says that holomorphic extension of a Fourier transform to a tube reflects
one-sided support of the inverse transform. This is a standard Paley—Wiener type phenomenon;
see, for example, Reed—Simon [4, Section IX.5] or Vladimirov [5]. To avoid importing a theorem
whose sign convention may differ from ours, we prove below exactly the support statement that
we need by an elementary contour-shifting argument (Lemma 2).

The divergent-beam transform and its relation to the Radon transform are developed system-
atically by Hamaker, Smith, Solmon and Wagner [2]. Their uniqueness results also explain why
the geometry of the source set relative to an enclosing body is important; our example lies in the
complementary boundary/accumulation regime.



2 Projective reduction
Write points of R” as (2/,y), where 2/ € R""!. For a € R, set
pa = (ae1,0).
For s € R"!, the upward ray through p, with slope s is
¥ = aey + sy, y > 0.

Introduce projective coordinates

l,/

1
X==, Y=-,
y y

and, for a function f supported in {y > 0}, define

F(X,Y)=Y2f(X/Y,1/Y), Y >O0.

Then ~ ~
| feer s sy = [ P+ aeryiy)ay, (1)
0 0
Indeed, this follows from Y = 1/y and dy = —Y ~2dY..
Define

P,F(s) = / F(s+aeY,Y)dY.
0

We use the Fourier transform
F(gn) = / / F(X,Y)e XY gy gx.
Rn—1 JR

A change of variables X = s + ae1Y gives

P.F(€) = F(¢, —a). (2)
Thus it is enough to construct a nonzero Schwartz function F' satisfying
Fg-27a)=0 (=1 (3)
and
suppFF C {(X,Y):Y >¢, |[X|< MY} (4)

for some ¢, M > 0.

3 A two-dimensional holomorphic multiplier

Put aj:2_j. Fix
0<fB<ax<l, 0=a-—0,

for example o = 2/3 and 8 = 1/3. The largest open cone of imaginary directions needed below is

I'= {(Ul,vg) S R?: vg < 0, vo +a1v] < O}, ap = % (5)



If 2 = (21, 22) € R? +T, then
%(ZQ -+ ajzl) <0 (j > 1).

Indeed, for Sz; < 0 this follows from Sze < 0, whereas for $z; > 0 the strongest inequality is
the one with the largest a;, namely a; = 1/2. Consequently

’i(ZQ + ajzl)

lies in the open right half-plane for every j. Using the principal branch there, define
S(z) = Zaf{i(zz +ajz1)} ", Q(z) = e—5(2) (6)
j=1

The series converges normally (that is, uniformly and absolutely) on compact subsets of the tube.
Hence it defines a holomorphic function there, and Re S(z) > 0, so

Q(z)| < 1. (7)

For real (§,n) away from the lines n = —a;§, let ¢(&,7n) be the boundary value of ). Since
for real ¢ # 0,
Re(it)™® = cos(ma/2)|t| "%,

we have

o
— log lq(&;m)| :Cazaf\n—i—ajﬂ_a, Co = cos(ma/2) > 0. (8)
j=1

We extend ¢ by zero on every line 7 = —a;§, on the limiting line n = 0, and at the origin.

Lemma 1 (Multiplier lemma). The extended function q belongs to C>®(R?). It is flat on every
line n = —a;& and on n = 0. Moreover, for every multi-index v, there are constants C.,, Ny such
that

107q(&,m)| < C,(1+ €]+ )N

Proof. Only the accumulation at 17 = 0 requires a uniform argument. Work first in the half-plane
&> 0. Put

5:—77/5, )\:g—a'
Then

g&m) =e MO AL(s) =D a{ila; —s)} (9)
j=1

In the half-plane £ < 0, put again s = —n/§ and A = [£|7. Since n + a;§ = |{|(s — a;) there,
o0
q(€m) =0 A (s) =D a0 {i(s - ay)} . (10)
j=1
For either sign, write A = Ay or A_ as appropriate. In both cases

Re A(s) :caZaf\s—ajra, (11)
j=1
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and, for each m > 0,

A (5)] < C >~ dll]s — ay| 7> (12)
j=1

Assume first that 0 < s < 1/8, and choose J so that aj41 < s < ay. Set
Ny={j:lj-JI <3}

Splitting the dyadic series into j < J — 3, j € Ny, and j > J + 3, elementary geometric-series
estimates give

JAT(5)] < Crps ™™™ + Cy > s — ay| 7™, (13)
JEN,
Re A(s) > es % + ¢ Z af]s —a;|%. (14)
JEN,

For —1/8 < s < 0, there are no singular points and the simpler estimates
|A™ (5)| < Crls| 9™, ReA(s) > c|s|™° (15)

hold.
We claim that for all integers r,m > 0,

|(A0n) 0 )| < Cp A0 (16)

whenever 0 < |s| < 1/8 and s # a;. After differentiating, each term is a constant multiple of

k
e MO TTHAA™) ()}, (17)
v=1

where m, > 0 and the sum of the positive s-derivative orders in the product is at most m.
For a regular factor from the first term on the right side of (13),

AsTOTT = (AsO)IHT/ONTT/S,

A fixed positive fraction of e=™° absorbs the power of \s~9.

For a near-line factor, put d = |s — a;| and z = )\a?d_a. Then
)\afd_a_r = :L”H”/O‘()\af)_r/a.

A fixed fraction of e~ absorbs 17/, Since j € N, we have a; =< s. Another fixed fraction of

cAs

the collective factor e~ _5, together with

§Pe=cAs T’ < Cp)\_p/5, (18)

with p = fr/a, gives
)\—7‘/04)\—,37"/(&5) _ )\—7‘/(5’

because

B
T 5

1
«@
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There may be several near-line factors in (17). For fixed r,m their number is bounded
independently of J,s,\. Split the exponential supplied by (14) into sufficiently many fixed
positive fractions: one for each singular factor, one for each use of (18), and one final fraction
left unused. The preceding estimates then multiply, and the total exponent of A=/9 is at most
m. This proves (16). Because one fraction of the exponential is left unused, the same expressions
tend to zero as s — 0. The identical allocation argument near a fixed s = a; proves flatness
there.

Return now to (£,1). On both half-planes £ # 0,

Oy =—€105, O =€ (—ardy — s0,). (19)

Repeated use of (19) and (16) gives polynomial bounds for every mixed derivative in the region
In| < |€]/8, and the unused exponential fraction shows that all derivatives tend to zero on the
limiting line n = 0.

Away from |n| < |£|/8, the accumulating family causes no difficulty: on each compact subset
only finitely many source lines occur, while the remaining tail and all its derivatives converge
normally. Ordinary exponential flatness handles those finitely many lines and yields polynomial
bounds at infinity.

Finally consider (§,n) — (0,0). Off the line n = —a &, the first summand in (8) gives

ReS(&,m) > cln + ar€| ™ > (&2 +n*)~/2,

because |1+ a1&] < C(€2 + n?)'/2. Near any individual source line, its own exponential factor
absorbs all singular derivative factors; the displayed fixed-term estimate leaves an additional
exponential factor tending to zero faster than every power of (£2 + 7]2)1/ 2. Hence every derivative
tends to zero at the origin. This completes the proof. O

4 A direct cone-support lemma

The following elementary lemma is the support/holomorphy principle used in the construction.
We include the proof both for completeness and to make the sign of the polar cone transparent
under our Fourier convention e %,

Lemma 2 (Tube support). Let I' C R™ be an open convex cone and let QQ be bounded and
holomorphic in R™ +iI", with bounded boundary value ¢ on R™. Put

Cr={zeR™:z-v<0 for every v € '}
If T = F~'q in the sense of tempered distributions, then
supp 1 C Cr.

Proof. Let xg ¢ Cr. By the definition of Cp, and then by continuity, there are v € T', a
neighborhood U of gy, and mg > 0 such that

x-v>my (x€U).

Take ¢ € C*(U) and, for ¢t > 0, set

I(t)= | Q¢+ itv)(—¢ — itv) dC.

Rm™



Since
B¢ ito) = [ vt da,
repeated integration by parts gives, for every IV,
[h(=¢ —itv)| < Cn(L+1)Ve ™ 1+ [¢)) 7V,

Thus I(t) is absolutely convergent. If H(z) = Q(z)i(—z), the Cauchy-Riemann equations give

I'(t) :i/ v-VeH(( +itv) d¢ = 0.

Differentiation under the integral is justified by Cauchy estimates on a slightly smaller tube and
the preceding rapid decay; the last equality is integration of a total derivative. Hence I(t) is
constant. The same estimate shows I(¢) — 0 as ¢ — oo, and therefore I(t) = 0 for all ¢ > 0.
Letting t | 0 gives

[ a©i-c =0,

which, apart from the fixed Fourier normalization constant, says (T,1) = 0. Thus 7" vanishes in
a neighborhood of every point outside Cr. O

For the cone I" in (5), its polar cone in the sense of Lemma 2 is particularly simple:
C={(X1,Y):Y>0,0<X; <Y} (20)

Indeed, the vectors (0, —1) force Y > 0; allowing v; to be arbitrarily negative while vy < 0 forces
X1 > 0; and approaching the boundary vy = —%vl with v; > 0 gives X; < Y/2. Conversely
these inequalities imply Xjv; + Yvo < 0 for every v € I

Applying Lemma 2 to the function Q) constructed above therefore gives

supp 1y C C, T, = F . (21)

5 Construction in every dimension

For n > 2, write the frequency variables as

(&,€",m), € eR"?

and define
Qn(€17 5//7 77) = Q(glv 77)

Then, up to the harmless normalization of the Fourier transform,
Ty i=F g, =To ® &
in the n — 2 variables dual to £”. Consequently
supp Ty, C {(X1,X",Y):Y >0, 0< X; <31V, X" =0}. (22)

Choose 0 < ¢ € C°(R™), ¢ # 0, supported in a sufficiently small ball centered at (0,...,0,1)
and put
F=0¢xT,.



Then L
F= ngn-
By Lemma 1, g, and all its derivatives have polynomial growth; hence Fes (R™) and therefore
F € S(R™). Also,
supp F' C supp ¢ + supp 1r,.

Thus there are ¢, M > 0 such that
Y >e¢, | X| < MY (23)

on supp F'. The function F' is nonzero: otherwise gz? qn = 0; since ¢, is nonzero on a nonempty
open set, the entire function ¢ would vanish on a nonempty open subset of R", and hence
identically, contrary to ¢ # 0.

Moreover,

Qn(gh 5”7 _ajgl) = Oa

SO N
F(§, —a;&) =0.

By (2),
P,F=0 (j>1). (24)

6 The accumulation point belongs to the support

The source points p; = 27Je; converge to the origin. It is useful to record that, for the example
obtained below, the origin actually belongs to supp f. Since f will vanish on the half-space y < 0,
the origin is necessarily a boundary point, not an interior point, of the support. We emphasize
that this statement does not assert that the individual source points p; belong to supp f.

We prove the corresponding statement before defining f. Suppose, to the contrary, that after
reconstruction the origin were omitted from the support. Then for some r > 0 the reconstructed
function would vanish whenever |2’|> + y? < r2. In projective coordinates 2’ = X/Y, y =1/Y,
this means that every (X,Y’) € supp F satisfies

X2 +1>r2Y2 (25)

The sharp cone estimate (21), together with the compact support of ¢, implies that on supp F'
the coordinates Xo,...,X,_1 are bounded and X is bounded below. Hence (25) forces, for all
sufficiently large Y,

X1 > 00Y (26)

for some ¢y > 0. Indeed, if | X”| < B and X; > —B, then (25) gives X? > r2Y? — (B? + 1);
for large Y this yields |X1| > (r/2)Y, and the lower bound X; > —B excludes the negative
alternative. Geometrically, the unbounded part of supp F' would stay a positive angle away from
the positive Y-axis.

We next explain why this support separation gives extra holomorphy. For z = (2/, z,) € C"
define, whenever the integral is absolutely convergent,

H(z) = / F(X,Y)e X242 gx dy. (27)



Fix 7 > 0. In a sufficiently small neighborhood of
2% = (—ir,0,...,0)

we have 3z; < 0 bounded away from 0 and |3z,| small. On the unbounded part of supp F', (26)
then gives
X821 +YS2, < —¢Y

for some ¢ > 0, while the remaining imaginary coordinates cause only a bounded exponential
factor because Xo, ..., X,_1 are bounded there. On the bounded part of the support no restriction
is needed. Since F' is Schwartz, (27) and all of its z-derivatives are therefore dominated by
integrable functions locally uniformly in z. Differentiation under the integral shows that H is
holomorphic in a neighborhood of 2°.

There is also an overlap with the original tube R? + T in the (21, 2,,) variables. We record
explicitly why on that overlap

H(z) = 6(2)Q(21, 2n). (28)

Let v = (v1,v,,) € T', with the remaining imaginary coordinates zero. Since supp T, is contained
in the polar cone C of I', one has W - v < 0 for W € suppT;,. Hence Z - v is bounded above on
supp F' C supp ¢ + supp 7T,. The Fourier—Laplace transform of F' = ¢ x T,, is therefore defined at
¢ 4 iv, and the usual convolution identity, first for test functions and then by the definition of
convolution with a tempered distribution, gives

~

H (¢ +1iv) = (¢ +iv) Q(C1 + iv1, Gy + ivp).

Equivalently, one may obtain (28) by taking boundary values on the real space and applying the
identity theorem on the tube. Our choice ¢ > 0, ¢ # 0, ensures

~

¢(—it,0,...,0) = /¢(X, Y)e ™1 dX dY > 0. (29)

Thus gg is nonzero near z°, and the assumed continuation of H would give a holomorphic
continuation of @ through 2°.

We now show that such a continuation is impossible. Restrict to the complex line z; = —ir,
with all other frequency variables except z, equal to zero, and approach z,, = 0 from the original
tube by putting z, = —te, € > 0. Then

S(—ir, —ie) = i af(s +a;T) . (30)
j=1

For the tail with a;7 <e¢,
S(—ir, —ie) > eT PP,
Consequently, since 5 < a,
0 < Q(—ir, —ie) < exp{—c/(77e*7P)}. (31)

For completeness, the same dyadic splitting gives, for every k& > 0,

OF S(—it,—ie)| < Cpr 7% (0<e<1). (32)



Indeed, differentiation merely changes the exponent —« in (30) to —a — k, and splitting the sum
at a; < e/ gives (32). Faa di Bruno’s formula therefore yields, for each m,

|0 Q(—iT, —ig)| < Crre ¥mexp{—c,e™ @} — 0 (£10)

for some integer N,,. If Q(—it, z,,) extended holomorphically through z, = 0, every derivative of
the continuation would vanish at 0. Its Taylor series would therefore be identically zero near 0,
contradicting Q(—it, —ie) > 0 for € > 0.

We conclude that the reconstructed function satisfies

0 € supp f. (33)

This observation is not needed for the counterexample itself. Its purpose is to make clear that
the accumulation point of the sources lies on the support, although the whole source hyperplane
is a zero set of f.

7 Reconstruction and conclusion

Define
y2E( [y, 1]y), y >0,

34
0, y<0. (3

fla',y) = {

By (23), f has compact support. Since F' is Schwartz, repeated differentiation of (34) yields
finite sums of powers of y~! times derivatives of F evaluated at (z/y,1/y). Arbitrary-order
Schwartz decay shows that every derivative tends to zero as y | 0. Thus

fe CER),

and f # 0.
For an upward-pointing unit vector v = (v/, u,) with u, > 0, set s = u/u,,. Parametrizing
the ray from p,, by y = tu, gives

1 [ 1
Dy, f(u) = u/o flajer +sy,y)dy = — P, F(s) =0

n

by (1) and (24). If u, < 0, the ray lies in y < 0 apart from its initial point, and if u,, = 0 it lies
in y = 0; in either case the integral is zero. Therefore

Dy, f =0 (j=1),

where p; = (277,0,...,0).
We have proved the following.

Theorem 1. For every n > 2, there exists a nonzero function f € C°(R™) and an infinite set
P={(27,0,...,0): 5 > 1}
such that Dpf = 0 for every p € P. Moreover, the accumulation point 0 belongs to supp f.

Thus Problem C.1 of Geometric Tomography has a negative answer in every dimension n > 2.



Remark 1. The sources are p; = 27Jey, not 27Je,: they lie in the hyperplane y = x, = 0,
whereas e, is the normal direction used in the projective transformation. The function f vanishes,
indeed is flat, on that hyperplane, but 0 € supp f by (33). Thus nonzero values of f occur
arbitrarily close to the accumulation point from the side y > 0. We do not claim here that any
particular p; belongs to supp f. Under the projective change of variables the hyperplane y = 0 is
sent to infinity, and the assertion O € supp f corresponds to unbounded support of F approaching
the positive Y -axis. This geometry is consistent with the exterior-source uniqueness results of
Hamaker—Smith-Solmon-Wagner [2, Section 5] and with Theorem C.1.2 of [1].
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